
Consequen t ly ,  the t rue  value of the concentra t ion of the Polyox solution in the main  exper iments ,  based  
on our de te rmina t ion  of the effect ive drag  reduction in flow of the solution in pipes of different  d i ame te r s ,  is 

: c = co(c/Co)s~ % = 10-4.0.07 = 7-I0 -e g/crn3~ 

This  r e su l t  does not confl ict  with the expected  concentra t ion of the Polyox solution (c < 8- 10 -s g /e ra  3) when the 
inevitable m a t e r i a l  l o s ses  a s soc ia t ed  with the pa r t i cu l a r  technique for  p repa ra t ion  of the solution a re  taken 
into account. 

NOTATION 

d, pipe d iamete r ;  t, flow t e m p e r a t u r e ;  c, weight concentra t ion of po lymer  solution; v, k inemat ic  v i s -  
cos i ty  of water ;  Vp, k inemat ic  v i scos i ty  of p o l y m e r  solution; ~? = ~p/~, re la t ive  v i scos i ty  of p o l y m e r  solution; 
p,  densi ty of water ;  TW, Tp, tangent ia l  f r ic t ional  s t r e s s e s  at the wall in pipe flows of water  and po lymer  solu-  
tion, r e spec t ive ly ;  T*, th resho ld  tangential  f r ic t ional  s t r e s s  at the wall; vS, ave rage  veloci ty  in t e r m s  of m a s s  
flow of liquid in the pipe; hw, hp,  coeff ic ients  of fluid f r ic t ion in pipe flows of wa te r  and po lymer  solution, 
respec t ive ly ;  Re, Reynolds number ;  co, weight concentra t ion of po lymer  solution a r t ,  ~ for  60% d rag  reduction; 
S = f fw--Tp) / rw,  d rag  reduction at v S = const  for  flow of po lymer  solution; So, m a x i m u m  drag  reduction for  
flow of a p o l y m e r  solution of concentra t ion c; co, c h a r a c t e r i s t i c  concentra t ion of po lymer  solution for  m a x i -  
m u m  drag  reduct ion S O = 60%. 
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PERISTALTIC FLOW OF A NON-NEWTONIAN 

VISCOPLASTIC LIQUID IN A SLOT CHANNEL 

V. I. Vishnyakov, K. B. Parley, 
and A. S. Romanov 

UDC 532.54:532.135 

The "na r row-band"  asympto t ic  method [5] has been used to cons ider  the pe r i s t a l t i c  flow of a v i sco-  
p las t ic  medium in a slot  channel. It  is  found that the mode of flow differs  substant ia l ly  f rom that 
in a channel with r igid walls  when the axial  p r e s s u r e  gradient  is  small .  

Cons iderable  at tention has  recent ly  been given to the flow of liquids in channels  with e las t ic  walls  in 
connection with many  aspec ts  o f  b iomechanics  [1], with pa r t i cu l a r  i n t e re s t  attaching to non-Newtonian fluids 
with anomalous  mechan ica l  p r o p e r t i e s  [2]. One c l a s s  of non-Newtonian liquid is  that  of non l inea r -v i scos i ty  
media ,  for  which the s imples t  rheologica l  law is one that  r e l a t e s  the s t r e s s  t ensor  devia tor  s-_. to the s t r a in -  l j  
ra te  t enso r  fij- In pa r t i cu la r ,  a v i scoplas t ie  liquid is  a medium with nonl inear  v iscosi ty ,  for  which the 
rheologica l  law can be put in the follov~ing f o r m  [3]: 

Siy = 2 [~] ~- %/(2fiyTiy)l/~]fiy for (2SiYSlJ)]/~- ~ T~ (1) 

fiJ = 0 for (2s~js~j)'/~ ~ % .  

H e r e  we cons ider  the pe r i s t a l t i c  mot ion of a v i scoplas t ic  liquid (1) in a slot channel with e las t ic  walls;  
in the gene ra l  case ,  the pe r i s t a l t i c  flow of the med ium is  due to the joint action of the deformable  walls and a 
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Fig. 1. Scheme for the per is ta l t ic  flow. 

p r e s s u r e  gradient  along the axis. In par t icu lar ,  such a flow is considered for a non-Newtonian liquid with 
power- law rheological  behavior,  which r e sembles  a viscoplast ic  liquid in being a medium with nonlinear v is -  
cosi ty [4]. 

We assume that the deformation of the elast ic  wall is descr ibed by a t ravel ing-wave equation having a 
wavelength much g rea t e r  than the mean size of the channel; there  exists a f rame of re fe rence  moving along 
the axis x of the channel with a speed W relat ive to the wall in which the deformable wall is descr ibed by a 
t ime-independent equation y = f(x). This f rame wil lbe called the "moving" f rame,  to distinguish it f rom the 
"immobile" one, inwhich thewall  has no axial displacement. If the flow of the viscoplast ic  liquid inthe "moving" 
sys tem is independent of t ime, then the per is ta l t ic  motion will be said to be of s teady-s ta te  type, and this is 
the only case  considered here.  

A distinctive feature of the s teady-s ta te  per is ta l t ic  motion for a viscoplast ic  fluid is that there  may be 
zones with different fo rms  of analytical descr ipt ion for  the velocity distribution: a region of viscous flow near  
the channel walls, ~/(x) --< y -< f(x), --f(x) - y -< --y(x), and a quasisolid zone - -y  (x) -< y -< 5'(x), which lies at 
the center  (Fig. 1), with the speed in the quasisol id zone everywhere  constant. If we use the charac te r i s t i c  
quantities h -- the mean half-width of the channel -- and the speed W, then the equations of motion in the 
moving f rame that descr ibe  the flow in the viscous zone are  as follows in dimensionless  form in t e rms  of the 
s t reamfunct ion~ (dr and - d r  respect ively ,  the x and y project ions of the velocity): 

where 

ar a,r a~ a ~  _ a p + 1 aA~ 
Oy axOy Ox Oy 2 Ox Re Og 

+ ~  2 o) -1 - - + - - o )  -1 
Ox OxOy Oy Oy ~ Ox ~ 

ar 02r a~ 0~r _ ap 1 oA~ 

ay Ox 2 Ox Ox 

u [2 a r 03* 1 
+ T-e ' 

OxOy Oy 1Re 

02~ O r I (' 02~ 
OxOy Ox \, @2 

l as, f 
where Re = pWh/~ is Reynolds number  and ~ = T0h/~W is 
sure  p f rom (2) and (3) to get 

OAr O~p 0A~ AA~ • 

ay Ox ax Oy - Re + ~ e  

Oy 2 0X 2 

(2) 

(3) 

the plast ici ty parameter .  We eliminate the p re s -  

( 0 3  a2~ 02~)  r Oz~ + 
4 0 x a y  OxOy c)y 2 Ox 2 

(4) 

Oy z Ox 2 

The symmet ry  of the flow allows us to r e s t r i c t  considerat ion to the regions y >- 0 and to write conditions 
that should be met  by ~ at the boundaries of the viscous-f low zone T (x) - y -< f(x) in the "moving" sys tem:  
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Fig.  2. Var i a t ion  in the m i n i m a l  value  o f  the p l a s t i c i ty  p a r a m e t e r  ~r with the flow ra t e  Q fo r  
the  fol lowing c a s e s :  27rRe/h = 0: 1) a = 0.05; 3) 0.15; 5) 0.25 and 27rRe/k = 0.1: 2) a = 0.05; 4) 
0.15; 6) 0.25. 

Fig.  3. W a v e f o r m s  a r i s i n g  at the  s u r f a c e  of  the quas i so l id  zone fo r  the fol lowing va lues  of 
the p a r a m e t e r s :  a = 0.05; n = n* :  2 ~ R e / ~  = 0 for :  1) u = --3;  2) 1.5 and 2 ~ R e / s  = 0.3 for :  3) 
u = - -3 ;  4) 1.5; 5) 0; 6) 1.5. 

o~ ~(~ = _ I, 0r  :(x) = - - d : ,  (5) 
Oy Ox dx 

(. 08r 08r '~ = o, = u ,  (6) 
Oy 2 Ox 8 ] ?(x) ~(x) 

Or v(x) = 0 (7) 

H e r e  u = U / W  is  the d i m e n s i o n l e s s  ve loc i ty  of the quas i so l id  zone [note that  t he re  ex i s t s  a lso  the 
boundary  condi t ion  (0 2~/~ xDy)l 7 (x) = 0, but th is  can  be shown to follow f r o m  (6) and (7)]. 

The  b o u n d a r y - v a l u e  p r o b l e m  of (4)-(6) m a y b e  solved by  the " n a r r o w - b a n d "  a s y m p t o t i c  method  [5, 6]; we 
m a k e  the change  of va r i ab l e  x ~  5x, in which e is  a s m a l l  p a r a m e t e r  tha t  c h a r a c t e r i z e s  the n a r r o w n e s s  of  a 
"band,"  f o r  ins tance ,  the r a t io  of  the m e a n  ha l f -wid th  of  the channe l  to the wavelength  of the de fo rma t io n  of the 
wal ls .  Then  th is  p a r a m e t e r  e a p p e a r s  in all  the above equat ions  and boundary  condi t ions ,  which enab les  us to 
solve  (4) a s  an a s y m p t o t i c  expans ion  with r e s p e c t  to ~: 

= si~i; ~, = ~ sz~i. (8) 
i = 0  i = 0  

The z e r o t h  app rox ima t ion  $0 m a y  be found fo r  the  v i s cous  zone via  the equat ion 

~ * o  _ 0, (9) 
0v' 

which m u s t  be so lved  sub jec t  to  the boundary  condi t ions  of (5) and (6), which take the fol lowing f o r m s ,  r e -  
spec t ive ly ,  in the z e r o t h  approx imat ion :  

0% f ( x ) = - - 1 '  0% i(x)-- d/ 
Oy Ox dx 

a2'~ ~(~) = O. O*~ ~(~) = u. 

(10) 

It  is  c l e a r  tha t  the funct ion  ~0 = ClY 3 + C2Y 2 + C3Y + C4; C1 = --(u + 1) /3  (To--f)2; C 2 = --3C1T0; C 3 = - - 1 - - 3 C l f ( f - -  
27o); C 4 = --Clf3--C2f2--C3 f + cons t  is  a solut ion to (9) that  s a t i s f i e s  (10). 

We use  the fol lowing to  d e t e r m i n e  the f i r s t  approx imat ion :  

0~*~ _Re(O*o 03*0 0,o 03*0). 
Oy* Oy OxOy 2 Ox Oy s ' 

0r / = 0q~: 0~q~,l 0r 0; 
-~v If~) Ox t~.~ = Ov ~- !~(~)= @ ~(x)  ~-- 

~ = C~y 3 + C6y ~ + CTy + Cs + Re S (x, y), 
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Fig .  4. P r e s s u r e  g r a d i e n t  a v e r a g e d  o v e r  a 
p e r i o d  Re < a p / a x  > a s  a func t ion  of the  f low 
r a t e  Q f o r  2 ~ R e / k  = 0.1; 1) a = 0.05, ~ = 5; 2) 
a = 0.05, ~ = 10; d a s h e d  l ine  a = 0, ~ = 5 and 
10. 

w h e r e  S (x, y) i s  a p a r t i c u l a r  so lu t i on  to  the  c o r r e s p o n d i n g  i n h o m o g e n e o u s  equat ion ,  which  i s  not  g iven  on 
accoun t  of i t s  c u m b e r s o m e  f o r m ;  

C 5 = - -  Re [ S" (x, 7o) 
3 (Yo-- f) 

Re 
C 6 ~ _ _ - -  

2 

S' (x, f ) -  S' (x, Vo) ] 2C,~,~ 
-F 3 ('~o - -  f)~ (~'o - -  f )  

S" (x, Yo) -- 3Clyl --  3C5~o; 

C7 = Re [fS" (x, Vo) - -  S' (x, / ) l  - -  3CJ (f - -  2~o) + 6C~y~f; 

Cs : - -  Re S (x,  f )  - -  x f  - -  C J  2 - -  C~f; 

S' (x, f )--  OS (X,oy g) ~(~.); 

S" (x, f ) - -  O~S (x, y) r~x)" 
Oy= 

F r o m  the  r e m a i n i n g  unused  cond i t i on  in (7) we g e t  

S' (x, 7o) ~ OS (X,og y) ~o(x) " 

S" (x, ~o) ~ 02SOy ~(x' g)~ ~o(~) " 

3 __2) i d f + ? o ( 0 ) ;  7 ~  ( u + l  
0 

~'  = 2 ~ i  d S" (x, ~o) (~'o - -  f)~ - -  1 [S' (x, f) + 2S' (x, ~o)I (~o-- f) 

0 

+ s (x, ~o) - -  s (x, h} + ~ (o), 

w h e r e  T0(0) and 71(0) a r e  c o n s t a n t s  of i n t e g r a t i o n ;  we put  T0(0) = T(0) to g e t  71(0)= 0, whi le  the  u n d e t e r m i n e d  
c o n s t a n t  T0{0) can  be found f r o m  the  e q u i l i b r i u m  cond i t i on  fo r  the  q u a s i s o l i d  zone,  which  when a p p l i e d  to the  
p a r t  of  t ha t  zone be tween  the  s e c t i o n s  x and x + 2~ g i v e s  the  fo l lowing  e x p r e s s i o n :  

x §  

S dy dx "t- • 0~ APy (x) = p (x, ?) dx ~ sign - - -  0y 2 
x 

H e r e  A p  i s  the  p r e s s u r e  d i H e r e n c e  in  t he  q u a s i s o l i d  zone ,  whi le  p(x, Y) i s  the  p r e s s u r e  in  the  v i s c o u s  zone  
x*-~ 2.n 

fo r  y = ' / (x) ;  i t  i s  c l e a r  tha t  we can  a l w a y s  s t a t e  a va lue  x = x* such  tha t  ~ p (x, ~,) dYdx dx = 0 ,  and we then  

x* 
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suppose that the p r e s s u r e  differences between the x* and x* + 2~ section are  equal for  the quasisolid zone and 
the viscous-f low one, which gives  the des i red  relat ionship between ~/0(0) and ~ in the form 

02,  "~,* [" u + 1 dx  
sign 

Og ~ 2n .] 3 (%__  [)2 ' 
0 

where the value "y * = 'y (x*) is def ined by the condition 
x * + 2 ~  x 

dx (7o __f)2 

This asymptotic  solution was used in numer ica l  calculations for the par t icu lar  case  where the deforma-  
tion of the elast ic walls is descr ibed by 

f ( x )  = 1 + a c o s 2 a x / ~ ,  ( O < a <  1). 

The resul ts  showed that there  is a minimum value for  the plast ici ty pa r ame te r  ~* such that T (x) becomes 
zero  at cer ta in  points in the channel; i . e . ,  the quasisolid zone "breaks up n for specified values of U, Re, k,  and 
the dimensionless  flow rate  Q; Fig. 2 shows ~* in relat ion to the definitive pa ramete r s .  

Figure  3 shows the style of the waves at the surface  of the quasisolid zone in relation to the velocity u 
for  the case ~ = ~*; even smal l  deformations of the elast ic  wall can produce s tates  of flow in the viscoplast ic  
medium such that the wave amplitudes at the surface of the quasisolid zone are  close to the charac te r i s t i c  
s ize of the channel (curve 4 in Fig. 3). 

Figure  4 shows the p r e s s u r e  gradient  averaged over a per iod Re < 0p(y)/ax> in relation to the flow rate 
Q and the plast ici ty pa r ame te r  ~ for a = 0.05 and 2~ Re /k  = 0.1; if < ~p/0x < 0, the medium flows in the positive 
direct ion of the x axis, while for  < ~p/~x > > 0 it flows in the opposite sense. The dashed line in Fig. 4 c o r -  
responds to flow in a channel with rigid walls. A viscoplast ic  medium can flow in such a channel only if 
Rel3p/~xl > ~, whereas  in the case  of a channel with elast ic walls there  is no such restr ic t ion.  The dis-  
continuity in the region Q = --1 is due to a "breakup" of the quasisolid zone and formation of a mode of flow 
essential ly different f rom that considered above. 

NOTATION 

x, y, Car tes ian coordinates;  r0, yield s t ress ;  p, density; 71, dynamic viscosi ty;  W, phase velocity of de- 
formation wave; h, mean channel half-width; r s t r eam function; Re, Reynolds number;  ~, plast ici ty p a r a m -  
eter ;  sij, s t r e s s - t e n s o r  deviator;  fij, s t r a in - r a t e  tensor ;  U, auasisolid zone velocity; u, dimensionless 
quasisolid zone velocity; a, amplitude; X, wavelength; p, p res su re ;  e, small  pa ramete r ;  Q, flow rate. 

1. 

2. 

3. 
4. 
5. 

6, 

L I T E R A T U R E  CITED 

S. A. Reg i re r  and L M. Skobeleva, "Flow of a viscous liquid in a porous tube with a deformable wall ,"  
Izv. Akad. Nauk SSSR, No. 3, 118 (1971). 
Yu. N. Pavlovskii ,  S. A. Regirer ,  and I. M. Skobeleva, Hydrodynamics  of Blood: Surveys of Science, 
1968, Hydromechanics  [ in Russian], VINITI, Moscow (1970). 
IVL Reiner,  Lec tu res  on Theoret ical  Rheology, 3rd ed., Humanities (1960). 
V. L Vishnyakov and K. B. Pavlov, Inzh . -F iz .  Zh., 2__66, No. 2, 246 (1974). 
Yu. P. Ivanilov, N. N. Moiseev, and A. M. Ter -Kr ikorov ,  Dokl. Akad. Nauk SSSR, 123, No. 2, 231 
(1953). 
N. N. Moiseev, in: Some Prob lems  in Mathematics and Mechanics [in Russian], Izd. Sibirsk. Otd., 
Akad. Nauk SSSR, Novosibirsk (1961). 

1082 


